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1. Introduction 

The general form of the seventh order KdV (KdV7) ^2] reads 

Ut + aU^Ux + bul + CUUxUxx + du^U^xx + eU2xW3x + fUxU^x + gUU^x + U7x = 0. (1.1) 

The seventh-order KdV equation has been introduced by Pomeau et al. yij for discussing the structural stability 
of KdV equation under a singular perturbation. Some particular cases of Eq. (jl.ip are : 

• Seventh-order Sawada-Kotera-Ito equation 2 { a — 252, h — 63, c — 378, d — 126, e — 63, / — A2, 
5 = 21): 

Ut + 252u^Ux + Q3u'^ + 378uUxUxx + i26u^Uxxx + QSu2x'U'3x + 'i:2uxU4x + 21uu5x + u^x = 0. (1-2) 
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• Seventh-order Lax equation f2j ( a = 140, 6 = 70, c = 280, d = 70, e = 70, / = 42, .g = 14 ) : 

+ 42UxU4x + lAuu^x + Ujx — 0. (1.3) 

• Seventh-order Kaup-Kupershmidt equation [2] ( a = 2016, b = 630, c — 2268, (i = 504, e = 252, 
/ = 147, g = 42 ) : 

Ut + 2016u"^Ua; -I- 630ui^ -I- 2268uUxUxx + 504:U^Uxxx + 2h2u2xUzx + l^luxUix + 42uurix + u-jx = 0. (1-4) 
In the next sections we obtain some exact sohitions for the seventh-order Kaup-Kupershmidt equation (|1.4|) . 

2. SOLITON SOLUTIONS BY THE COLE-HOPF TRANSFORMATION 

Some nonhnear pse's in the variable u = u{x, t) may be solved via the substitution 

u{x, t) = Adxx log(l + f{x, t)) + S, (2.1) 

where A and B are some constants and f{x,t) is a new unknown function. Eq. ()2.ip is called a generalized 
Cole-Hopf transformation [3] [4] . We will solve Eq. p.4p by using ()2.ip for the special choice 

/(x, t) = exp{kx — ct + S), 

being c, k and (5 some constants. Now, we make the substitution 

uix, t) = Adxx log(l + exp{kx -ct + 5)) + B (2.2) 

into ()1.4p . We obtain a polynomial equation in the variable C = exp(fca:; — ct + (5). Equating the coefficients of 
the different powers of Q to zero, we obtain the following algebraic system : 

• -Ak^ - A2ABk'^ ~ bOiAB^k'^ - 2016AB^k^ + Ack'^ = 0. 

• Ak^ + A2ABk^ + 50'iAB^k'^ + 2016AB^P - AcP = 0. 

• -A'ilA^k'^ + 2'i7Ak^ ~i21QA^Bk'^ + 2^l{)ABk'^ -mmA^B'^k^ + ^h28AB'^k^ - imSQAB^k"^ + bAck'^ = 0. 

• 441^2 _ 247AP + ?,27&A^Bk'^ - 2?,10 ABk'^ + mA^A^B^k"^ ~ 3528AB^k^ + 10080^^3^3 _ ^Ack^ 0. 

• -3A02A^P+10U3A^k^~A293Ak^-60A8A^Bk'^ +15876A^Bk'^ -79'S8ABk'^ ~18UAA^B^k'^+13608AB^k'^- 
18UAAB^k^ + 9Ack^ = 0. 

• M02A^k^~10U3A^P+A293Ak^+60A8A^Bk^-15876A^Bk'^+7938ABk'^+18U4:A^B^k^-13608AB^k^+ 
18144^B3fc3 - 9Ack^ = 0. 

• -2016A4p-|-18774yl3/c9-40320yl2A:9-|-15619A/fc9-6048A3B/c^+19152yl2BA:^-10290ASfc^--12096^2^2^^' 
9576AB^k^ - 10080AB^k^ + 5Ack^ = 0. 

• 2016yl''A:9-18774A3fc9-t-40320^2^9_j^5gl9^^9^_g048^35fc^-19152A2Sfc^-|-10290AB/c^+12096A2B2fc5- 
9576AB2fc5 + 10080y4B3A:3 _ ^Ack^ = 0. 

Solving this systems gives 

, I k'^ k^ 

^^2' ^^-24' ^=-48- ^'-'^ 
Therefore, a one-soliton solution of (|1.4p is given by 



uoix, t) = -2 (2.4) 

24(1 + 6^^+^^+^ 
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which simpHfies to 

^2 ^ 

uo{x,t) = ~— + —— — -IT-— 7-- (2.5) 

24 4:{1 + cosh [kx + j^t + S)) 

3. Exact solutions via two rational hyperbolic ansatze 
Using the wave transformation 

u{x,t) ^v{^), ^^x + Xt, (3.1) 
where A is a constant, Eq. (jl.4p becomes the nonhnear ode 



2016v'(Ou(if + 504i;(3)(0w(e)^ + 2268v'{^)v" {Ov{£,) + 42v^^\^)v{0 + 63Qv'{0^+ /o on 

Aw'(0 + 252w"(Ow(^)(e) + 147w'(Oi'^^HO+^^^^HO =0. ^ ' 

We shah find solutions of Eq. (|3.2p by using two ansatze: 

• The tanh coth ansatz: 

v{0 =p + atanh(/i$) + 6coth(yU^) + ctanh^(/i^) + dcoth^(/z^) (3.3) 

• A sinh cosh rational ansatz: 

k 

''^^^=P + I + csinh(AiO + dcosh(/iO ' 
where a, b, c, d, k, p and /i are constants. Some times, by replacing /i by we obtain periodic solutions. 

3.1. Solutions by the tanh— coth ansatz. We change the tanh and coth functions to their exponential form 
and then we substitute (|3.3p into l\3.2\i . We obtain a polynomial equation in the variable ( = exp(/x^). Equating 
the coefficients of the different powers of C to zero results in an algebraic system in the variables a, b, c, d, p, A 
and fi. Solving it with the aid of a computer, we obtain following solutions of (jl.4p : 

• a = 0, 6 = 0, c = 0, d=-^, A=^: 

ui{x,t) = —^ ^coth yi\x+—t 

, , ip- ip- , / / 4/i6 
U2{x, t) = ~— - — cot^ ( M \x - —i 

• a = 0, 6 = 0, c = -4, rf = 0, P=^, A=^: 

"3(a;,t) = ^tanh- I Ai I a;+ —t 

M4(x, t) = — — tan^ M ^ TT^ 



3 2 V V 3 

a = 0, 6 = 0, c = -^, d=-i^, P=4' A = ^ 



^5(2;, t) — — — coth" /i a; H — t II — tanh /i a; H — t 



3 2 \ \ i J J 2 V V 3 

. , 2 256Ai^ \ \ nff 256/1*^ 
U6(a;,i) = — ^cot \^i\x ^ — tll-ytan \^l\x — t 
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3.2. Solutions by a sinh— cosh rational ansatz. We change the sinh and cosh functions to their exponential 
form and then we substitute p.4p into p.2p . As a result, we obtain a polynomial equation in the variable 
C, = exp(^^). Equating the coefficients of the different powers of ^ to zero results in an algebraic system in the 
variables c, d, fc, p, A and fi. Solving it with the aid of a computer yields following solutions of (|1.4p : 



0, d 



-1 k — n — — £_ A = ii- 

J^i — 4 I ^' 24 ' 48 



24 



4 (^1 - cosh l^fi + i 



4(1 -cos (a. 



• c = 0, d=l, k=i^, p^-fj, A = : 



M9(x,t) = - — 



4(1 + cosh (^fi (^x + f^i 



wio(x,t) 



0, k ■ 
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24 4(l + cos(A.(x-f^< 



24 ' 48 



Uii{x,t) 



24 



4 1 



ui2(a;,i) = — 



-1 sinh [^[x + |gi 



4 1 + sin x 



48^ 



))) 



Ui3{x,t) = 



4(1 + \/^sinh (fi(x + ^t 



• c — \/ d? — 1 , A; 

Ml5(x,t) = 



Ui4(a;,i) 



24 



4(l-sin(/i(2;-fgi 



24 



24 ' ^ 48 



4 (1 + dcosh (/z + f^<)) + \/d2~Tsinh (/i (a; + f^^))) 



24 4 J^i + rfcos(Ai(x- f^t)) +yr^sin(^/x(x- 
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un(x,t) = - — 

4(l + dcosh 



+ dcosh (^n (^x + - Vd^ - 1 sinh (/i (^x + i^^))) 
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4 (l + dcos (x - i^i)) - sin (a; - if i))) 

4. Conclusions 



We obtained solutions for the seventh-order KK equation (|1.4p by using three distinct methods. These 
methods are direct and effective and they are apphcable to solve other seventh-order KdV equations. We think 
that the results given here are new in the literature. 
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